Abstract. We classify the polynomials with integral coefficients that, when evaluated on a group element of finite order n, define a unit in the integral group ring for infinitely many positive integers n. We show that this happens if and only if the polynomial defines generic units in the sense of Marciniak and Sehgal. We also classify the polynomials with integral coefficients which provides units when evaluated on n-roots of a fixed integer a for infinitely many positive integers n.
Let G be a group and let ZG denote the integral group ring of G. If x ∈ G and f is a polynomial in one variable with integral coefficients then f (x) denotes the element of ZG obtained when f is evaluated in x. This paper deals with the problem of when f (x) is a unit of ZG. It is easy to see that this only depends on the order (possibly infinite) of x. If the order of x is infinite and f (x) is a unit then necessarily f = ±X m for some non-negative integer m. Hence we are only interested in the case where x has finite order. In case f (x) is a unit of ZG and n is the order of x then we say that f defines a unit on order n.
Marciniak and Sehgal introduced the following definition [MS05] . A polynomial f defines generic units if there is a positive integer D such that f defines a unit on every order coprime with D. Marciniak and Sehgal classified the monic polynomials defining generic units. The first goal of this paper is to complete the classification of polynomials (non-necessarily monic) defining generic units (Theorem 1). Observe that all the polynomials defining generic units have leading coefficient equal to 1 or -1.
Our second result states that if an integral polynomial f does not define generic units then the set of orders on which f defines generic units is finite (Corollary 6) and we give a bound for the cardinality of this set (Corollary 8).
We could have avoided to give a proof of Theorem 1 because it is a consequence of Corollary 6. However the proof of Theorem 1 is elementary, while the proof of Corollary 6 uses a deep number theoretical result, namely the S-unit Theorem. The proof of the S-unit Theorem ultimately relies on the celebrated Mordell-Weil Theorem. It would be nice to have an elementary proof of Corollary 6. We would like to thank Hendrik Lenstra for suggesting us the use of the S-unit Theorem. An alternative proof using results by Schinzel on primitive divisors [Sch74] instead than the S-unit Theorem was suggested to us by B. Mazur.
We will deduce Corollary 6 and Corollary 8 as consequences of more general results (Theorems 5 and 7). In order to state such results we generalize the definition of polynomials defining units on an order. Let f ∈ Z[X] and let a and n be integers with n > 0 and a = 0. We say that f defines units on n-th roots of a if f (x) is invertible for every n-th root x of a in a ring of characteristic 0 (i.e. x n = a). If x is an n-th root of a in a ring R of characteristic 0 then the map X → x induces
The first author has been partially supported by CAPES (Proc n o BEX4147/13-8) of Brazil. The second author has been partially supported by Ministerio de Economía y Competitividad project MTM2012-35240 and Fondos FEDER and Proyecto Hispano-Brasileño de Cooperación Interuniversitaria PHB-2012-0135. a ring homomorphism Z[X]/(X n − a) → R. Thus f defines units on n-th roots of a if and only if f (x) is invertible in Z[X]/(X n − a), for x = X + (X n − a). In particular, f defines units on order n if and only if f defines units on n-th roots of 1. Theorem 5 characterizes the polynomials with integral coefficients that defines units on n-th roots of a for infinitely many integers n. For the polynomials f not satisfying this property, Theorem 7 provides a bound for the cardinality of the set of positive integers n for which f defines units on n-th roots of a.
We now establish the basic notation. If m is a positive integer m then ζ m denotes a complex primitive m-th root of unity and Φ m denotes the m-th cyclotomic polynomial, i.e. the minimal polynomial of ζ m over the rationals.
We start classifying the polynomials defining generic units. This generalizes [MS05, Theorem 3.3].
Theorem 1. The following conditions are equivalent for a polynomial f in one variable with integral coefficients.
(1) f defines generic units.
(2) There is an infinite arithmetic sequence S of positive integers such that f defines a unit on every order in S. In the rest of the proof we assume that f ∈ Z[X] and D is a positive integer satisfying condition (3) and we have to prove that f satisfies (4). If f is divisible in Z[X] by a polynomial g then clearly g also satisfies condition (3) for the same D. Furthermore, condition (4) is closed under taking products. Therefore we may assume without loss of generality that f is irreducible and f (X) = ±X, and we have to prove that f = ±Φ m with m neither 1 nor a prime power. Observe that the augmentation of f (x) is f (1). Therefore, if f defines generic units then f (1) = ±1. However Φ 1 (1) = 0 and if p is a prime integer then Φ p α (1) = p. This implies that if f = ±Φ m then m is neither 1 nor a prime power. Therefore we only have to show that one root of f is a root of unity and this is equivalent to prove that all the roots of f have modulus 1.
Let R be the set of complex roots of f (X). Denote
Let α ∈ R. We have to prove that α ∈ R 0 . Let a denote the leading coefficient of f and let d be the degree of f . We claim that if p is an integral polynomial of degree m then a m p(α) is an algebraic integer. To prove this it is enough to show that aα is an algebraic integer. Indeed, write f = aX
Thenf is an integral monic polynomial and f (aα) = a d−1 f (α) = 0. This proves the claim. If x is a group element of order n then ZC n ∼ = Z[X]/(X n − 1). Therefore for every positive integer n such that f defines a unit on order n there exist p n , q n ∈ Z[X] such that
We claim that p n and q n can be chosen so that the degree of p n is smaller than n and the degree of q h is smaller than d. Indeed, as X n − 1 is monic, p n = r n + (X n − 1)t n with r n and t n integral polynomials such that r n has degree smaller than n. Let s n = q n + f t n . Then f r n + (X n − 1)s n = 1. If h is the degree of r n and k is the degree of s n then d + h = n + k. As h < n, we have k < d. Replacing p n and q n by r n and s n we obtain the desired conclusion.
Let h n denote the degree of q n . By the previous paragraph we may assume that h n < d. Then a n (α n − 1) and a hn q n (α) are algebraic integers. For every α ∈ R we have (α n − 1)q n (α) = 1 and therefore
Since the two factors of the left side formula are invariant under the action of the Galois group of Q(α) over Q of the splitting field of f , we deduce that they are rational. Moreover, they are algebraic integers and hence they are non-zero integers. We conclude that
(1)
If α ∈ R − then lim n→∞ α n = 0 and hence there is a positive real number ρ such that
Let r = |R 0 | and let
if r = 0 and put δ = 1 otherwise. If δ = 0 then R 0 contains a root of unity, as desired. So assume δ > 0. Let T = {n : f defines a unit on order n and |α n − 1| ≥ δ for all α ∈ R 0 }.
We claim that T is infinite. Otherwise there is a positive integer N such that T does not contain any number n greater than N . Now we use condition (3) to ensure that there is an increasing sequence of integers N < n 0 < · · · < n r such that f defines a unit on order n i for each i = 0, 1, . . . , r, and n i − n i−1 ≤ D for each i = 1, . . . , r. For every i = 0, 1, . . . , r, we have n i ∈ T and hence there is α i ∈ R 0 such that |α ni i − 1| < δ. Since |R 0 | = r, necessarily α i = α j for some 0 ≤ i < j ≤ r. Therefore there are positive integers n < m ≤ n + Dr such that |α n − 1|, |α m − 1| < δ. As |α| = 1, we have 2δ
a contradiction. Thus T is indeed infinite and hence it contains an infinite increasing sequence (n k ). Thus
Applying (1), (2) and (3) for each n k we obtain
If R + = ∅ then the left side of the previous inequality diverges, yielding a contradiction. Thus
Fix is a group element x of order n with n > 2d and such that f defines a unit on order n. It exists by the assumption. By [Seh93, Lemma 2.10], there exists an integer j n such that − n 2 < j n ≤ n 2 and
Then x d+jn and x jn belong to the support of the element on the right side and hence they also belong to the support of the left side. Consequently, j n ≤ 0 and d + j n = 0. So, j n = −d and
or in other words,
for all i. This symmetry yields that if α is a complex root of f (X), then so is α −1 . Thus 0 = |R + | = |R − |. In other words every root of f has modulus 1. This implies that all of them are roots of unity. This finishes the proof.
Before going on we need a lemma which will be used to characterize when a cyclotomic polynomial defines units on n-th roots of a.
Lemma 2. Let m be a positive integer and a an integer. Then (1) If p 1 , . . . , p k are distinct primes and α i ≥ 1 for each i = 1, . . . , k then
where µ denotes the Möebius function.
Suppose that a = −1. If m is odd then Φ m (X) = Φ 2m (−X) and hence Φ m (−1) = Φ 2m (1). Thus, in this case Φ m (−1) = 1 unless m is 1. If m is a multiple of 4 then Φ m (−1) = Φ m (1), by (1). Again Φ m (−1) = 1 unless m is a power of 2. Finally, if m = 2n with n odd, then Φ m (−1) = Φ n (1), which is 1, unless n is either 1 or a prime power.
The following lemma is obvious.
Lemma 3. Let f be an irreducible polynomial in Z[X] of positive degree, let α be a complex root of f and let n be a positive integer. Then the following statements are equivalent.
(1) f defines units on n-roots of a. (1) Φ m defines units on n-th roots of a. The equivalence between (4) and (5) is a consequence of Lemma 2.
We now classify the polynomials f and the non-zero integers a such that f defines units on n-th roots of a for infinitely many positive integers n. We will use multiplicative valuations as defined in [Pie82] . A place of a field K is an equivalence class of valuations of K. An infinite (respectively, finite) place is an equivalence class of Archimedean (respectively, non-Archimedean) valuations.
Theorem 5. Let f be a polynomial in one variable with integral coefficients and let a be a non-zero integer. Then the following conditions are equivalent:
(1) f defines units on n-th roots of a for infinitely many positive integers n. i=1 Φ mi and a satisfy one of the conditions of (2). For every i = 1, . . . , k let d i = mi gcd(n,mi) . If a = 1 then f defines generic units, by Theorem 1, and hence it defines units on n-th roots of 1 for infinitely many positive integers n.
If a = −1 then each m i is neither 1, nor 2, nor twice a prime power. If n is coprime with each m i then d i = m i and hence Φ mi defines units on n-th roots of −1, by Proposition 4 for every i. As obviously X defines units on n-th roots of −1 we deduce that f defines units on n-th roots of −1 for every n coprime with each m i .
Suppose that a = −2, m = 0 and m i = 2 e h i with e ≥ 1 and h i odd. Let n = 2 e−1 n 1 with n 1 multiple of each h i . Then d i = 2 and hence Φ mi defines units on n-roots of −2, by Proposition 4. Hence f = ± k i=1 Φ mi defines units of n-th roots of −2 for infinitely many positive integers n. Finally assume that a = 2 and m = 0. Then for every positive integer n which is multiple of each m i , we have d i = 1. Hence Φ mi defines units on n-th roots of 2. Thus again f defines units on n-th roots of unity for infinitely many positive integers n.
(1) implies (2). Assume that f define units on n-th roots of a for infinitely many positive integers n. We first prove that every irreducible factor of f is either X or a cyclotomic polynomial. To prove that we may assume without loss of generality that f is irreducible and different from X. This part of the proof was given to us by Hendrik Lenstra in a private communication.
Let α be a complex root of f . We have to prove that α is a root of unity. Let M be the set of positive integers n such that f defines units on n-th roots of a. By Lemma 3, we have
As α is algebraic, K is a number field. Let S be the set of places of K formed by all the infinite places and the finite places v for which v(α) = 1 or v(a) = 1. Then S is finite. Let O S be the subring of K formed by the elements x of K such that v(x) ≤ 1 for every place v which is not in S. Then α and a are units of O S and hence Z[α, α −1 ] ⊆ O S . If n ∈ M then X = α n /a and Y = 1 − α n /a is a solution of the equation X + Y = 1 in the units of O S . However, the S-unit Theorem (see e.g. [EGST88] or [Lan60] ) states that this equation have finitely many solutions in the units of O S . Thus {α n : n ∈ M } is finite. As M is infinite, there are n < m in M such that α n = α m and hence α m−n = 1. This prove that α is a root of unity as desired.
Thus f = cX m k i=1 Φ mi for c = 0, m ≥ 0, k ≥ 0 and m i positive integers. If c = ±1, then clearly f does not define units on any n-th root of an integer. Thus c = ±1. By Proposition 4, a is ±1 or ±2. Moreover, by the same proposition, if a = 1 then each m i is neither 1 nor a prime power; if a = −1 then each m i is neither 1, nor 2, nor twice a prime power; and if a = −2 then m i is even. Moreover, if a = ±2 then X does not define units on n-th roots of a for any n and hence in this cases m = 0.
It remains to prove that if a = −2 then all the m i 's has the same valuation at 2. Suppose that m 1 = 2 e1 h 1 and m 2 = 2 e2 h 2 with h 1 h 2 odd. If Φ m1 Φ m2 defines units on n-roots of −2 with n = 2 g h and h odd then m 1 = 2 gcd(n, m 1 ) and m 2 = 2 gcd(n, m 2 ). Thus e 1 − min(e 1 , g) = e 2 − min(e 2 , g) = 1. Thus min(e 1 , g) = g = min(e 2 , g) and hence e 1 = e 2 .
The following corollary is a direct consequence of Theorem 1 and the specialization of Theorem 5 to a = 1.
Corollary 6. The following conditions are equivalent for a polynomial f in one variable with integral coefficients.
(2) f defines units on infinitely many orders.
Using a result from [Eve84] which bounds the number of solutions of an equation of the type aX + bY = 1 on S-units one can give a bound on the numbers of orders on which f defines a unit.
Theorem 7. Let f be a polynomial in one variable with integral coefficients and let a be non-zero integer. Write f = c d X d + c d+1 X d+1 + · · · + c n X n with d ≤ n and c d c n = 0. Let M be the set of positive integers m such that f defines units on m-roots of a. Suppose that M has finite cardinality. Let k be the number of primes dividing ac d c n . Then
Proof. Suppose that f 1 is a divisor of f in Z[X], with f (0) = 0. Let M 1 be the set of positive integers m such that f 1 defines units on m-th roots of a and let n 1 and k 1 be respectively the degree of f 1 and the number of prime divisors of either the leading or independent term of f 1 . Then M ⊆ M 1 , n 1 ≤ n − d and k 1 ≤ k. Using this it is clear that it is enough to prove the result under the assumption that f is irreducible and it is neither X nor a cyclotomic polynomial. In particular d = 0.
Let α be a root of f and let K = Q(α). n+2|S| ≤ 3 · 7 n(1+2k) . The proof of Theorem 5 shows that then the cardinality of {α n : n ∈ M } is at most 3 · 7 n+2|S| ≤ 3 · 7 n(1+2k) . As α is neither 0 nor a root of unity, the map n → α n is injective. Thus |M | ≤ 3 · 7 n(1+2k) . 
